A + quasi-bigraduation of a commutative ring R is a family g = (G n,m ) (n,m)∈(Z×Z)∪{+∞} of subgroups of R such that A = G 0,0 is a subring of R, G ∞ = (0) and
Introduction
All rings are supposed to be commutative and unitary.
In 1954, D. G. Northcott and D. Rees [6] developed a theory of integral closure and reductions of ideals in a noetherian local ring (A, M). In particular, they introduced two notions of analytic independence with respect to an ideal in a local ring and they proved that the reduction of an ideal in such a ring is minimal if and only if it has an analytically independent generating set.
In 1970 one notion of independence is generalized by Valla [8] in a noetherian commutative ring. He showed that the maximum number of independent elements in an ideal is bounded from above by its height.
Let f = (I n ) n∈Z∪{+∞} be a filtration of an arbitrary commutative ring A and R (A, f ) = n∈N I n X n and (A, f ) = n∈Z I n X n be its Rees rings. Let k be a positive integer which may be equal to +∞ and let J be an ideal of A such that J + I k = A. Take u = X −1 . Then the following numbers are known in the literature to be extensions to filtrations of the analytic spread, the last one being due to Y.M. Diagana [3] :
-the maximum number J (f, k) of elements of the ideal J which are J−independent of order k with respect to f and -the maximum number a J (f, k) of elements of the ideal J which are regularly J−independent of order k with respect to f.
That work generalized results of Okon [8] concerning the analytic spread of noetherian filtrations and established comparisons of several extensions.
In [4] we studied theses notions for a + quasi-graduation of a ring R. We recall that the family (G n ) of subgroups of R is a quasi-graduation (resp. + quasi-graduation) of R if G 0 is a subring of R, G +∞ = (0) and G p G q ⊆ G p+q ∀p, q ∈ Z (resp. N).
Here we need the following concept of compatibility of a family of subgroups of (R, +) with a given quasi-graduation (resp. + quasi-graduation) f . Definition 1. Let R be a ring and f = (I n ) n∈Z∪+∞ be a quasi-graduation (resp. + quasi-graduation) of R. Let g = (G i ) i∈Z∪+∞ be a family of subgroups of (R, +).
We say that g = (G i ) is an f −quasi-graduation (resp. an f + -quasi-graduation) of R or that g is a quasi-graduation (resp. a + quasi-graduation) of R compatible with f if G ∞ = (0) and I p G q ⊆ G p+q for each p and q ∈ Z (resp. N).
In Database, stored values must be accessible concurrently but consistently by multiple users. This proves the importance of the Cartesian product in relational Algebra used in Relational Database. Hence there is an interest to replace N by N × N as set of indices.
In this paper, we extend the study to quasi-bigraduations of a ring that we define as follow:
In this paper, we have two objectives : To extend the notion of generalized analytic independence to quasibigraduations and to establish some characterizations of this notion by the mean of isomorphisms of graded algebras.
We will also extend the study to globally compatible quasi-bigraduations.
1. Quasi-bigraduations of rings and generalized analytic Independence
and let R be a ring and (G i ) i∈∆ a family of subgroups of R.
We define the product of two subgroups I and J of R by the subgroup formed by the set of elements of the form :
G i,j we say that R is bigraded (resp. + bigraded) and
1.2. Quasi-graduation deduced from a quasi-bigraduation.
Let us construct the family (S m ) m∈Z∪{+∞} as following :
. . , a r of R are said to be J− independent of order k with respect to f if they belong to S 1 and if for each homogeneous polynomial F (X 1 , . . . , X r ) of degree d, with coefficients in A, the relation F (a 1 , . . . , a r ) ∈ JS d + S d+k implies that F has all of its coefficients in J + S k . Remark 1.3.1. Elements a 1 , . . . , a r of R are J−independent of order k with respect to the quasi-bigraduation f iff they are J−independent of order k with respect to the quasi-graduation (S m ) m∈Z∪{+∞} defined in in section 1.2. Proposition 1.3.2. Let R be a ring, f = (G i,j ) (i,j)∈∆ be a quasi-bigraduation of R and k ∈ N * . Let J be an ideal of G 0,0 = A such that J + S k ∩ A = A and let a 1 , . . . , a r be elements of S 1 which are J−independent of order k with respect to f and I = (a 1 , . . . , a r ) the sub-A-module of S 1 that they generate. We have (i) If J contains S k ∩ A then the elements a 1 , . . . , a r are J−independent (of order +∞) with respect to f and to f I = (I n ) .
(ii) If there exists i such that a i ∈ J + S k ∩ A then
(iv) If r ≥ 2 and if two different elements a i and a j belong to A then they belong to J + S k ∩ A and consequently we have
where F is a homogeneous polynomial of degree d with coefficients in A. We consider that J contains S k ∩ A.
. Furthermore, J +S k ∩A = J thus the elements a 1 , . . . , a r are J−independent (of order +∞) with respect to f and to f I .
(ii) If a i ∈ J + S k ∩ A then for each p ≥ 1 and for each y ∈ S p ∩ A we have
The elements a 1 , . . . , a r being J−independent of order k with respect to f , we have
and we have
. . , r] with i = j and F (X 1 , . . . , X r ) = a i X j −a j X i then F has its coefficients in A and is homogeneous of degree 1 and we have F (a 1 , . . . , a r ) = 0. Therefore a i ∈ J + S k ∩ A. The conclusion follows from (ii).
(iv)
If a i and a j ∈ A with a i = a j , let F (X 1 , . . . , X r ) = a i X j − a j X i then F has its coefficients in A and is homogeneous of degree 1 and F (a 1 , . . . , a r ) = 0; therefore a i ∈ J + S k ∩ A; the conclusion follows from (ii).
Suppose that (S n+k ) n≥0 is decreasing or more generally that
Let a 1 , . . . , a r be elements of S 1 which are J−independent of order k with respect to f. Then ∀p ≥ 1 we have Proof. Consequence of definition and the fact that under the hypotheses we have
Compatible Quasi-bigraduations and generalized Analytic Independence
We extend the notion of quasi-bigraduations of a ring to the concepts of compatible and globally compatible quasi-bigraduations of a ring.
Compatible quasi-bigraduations. Definition 5.
Let ∆ be the abelian monoid Z 2 ∪ {+∞} (resp. N 2 ∪ {+∞} = ∆ + ).
Let R be a ring and f = (I n,m ) (n,m)∈∆ be a quasi-bigraduation (resp. + quasibigraduation) of R.
Let H = (G i,j ) (i,j)∈∆ be a family of subgroups of (R, +).
Globally compatible quasi-bigraduations.
Let H = (G i,j ) (i,j)∈∆ be a family of sub-A-modules of R such that
Let us construct the family (N m ) m∈Z∪{+∞} as following :
Definition 6.
Let R be a ring and let f = (I p,q ) (p,q)∈∆ be a quasi-bigraduation (resp. + quasi-bigraduation) of R.
Let A = I 0,0 and H = (G i,j ) (i,j)∈∆ be a family of sub-A-modules of R. Suppose that I p,q = A ∀p, q verifying p + q ≤ 0 and S = (S m ) m∈Z∪{+∞} the quasi-graduation deduced from f (see Definition 3 in 1.2).
We say that H is a quasi-bigraduation (resp. a + quasi-bigraduation) of R globally compatible with f or that H is a global f −quasi-bigraduation (resp. a global f + -quasi-bigraduation) of R if G ∞ = (0) and S p N q ⊆ N p+q for each p and q ∈ Z (resp. N).
+ quasi-bigraduation of R globally compatible with f .
Indeed, we have
Hence (N m ) m∈Z∪{+∞} is a S + -quasi-graduation of R. Let us set QG(H) = (N m ) m∈Z∪{+∞} which is called the S + -quasi-graduation of R deduced from H.
Generalized analytic independence. Definition 7.
Let R be a ring, A be a subring of R and k ∈ N * . Let a 1 , . . . , a r be elements of R. Let I be the sub-A-module of R generated by a 1 , . . . , a r .
Let f 2 (A, I) = (I r,s ) denote the + quasi-bigraduation of R defined as follows :
Let k ∈ N * and J be an ideal of A. Let H = (G i,j ) be a + quasi-bigraduation of R globally compatible with (f 2 (A, I)) (i.e., for all m ∈ N, N m is a submodule of the A−module R and I (N m ) ⊆ N m+1 ).
The F (a 1 , . . . , a r ) ∈ JN d + N d+k implies that F has all of its coefficients in JG 0,0 + N k .
+ quasi-bigraduation of R globally compatible with (f 2 (A, I)) .
2) Elements a 1 , . . . , a r of R are J−independent of order k with respect to the f 2 (A, I) + -quasi-bigraduation H iff they are J−independent of order k with respect to the S + -quasi-graduation (N m ) m∈Z∪{+∞} .
Proposition 2.3.2. Let R be a ring and A be a subring of R. Let a 1 , . . . , a r be elements of R and I be the sub-A-module of R that they generate.
Let H = (G n,m ) (n,m)∈∆ be a global (f 2 (A, I)) + -quasi-bigraduation of R, J be an ideal of A and k ∈ N * such that JG 0,0 = G 0,0 . Suppose that a 1 , . . . , a r are J−independent of order k with respect to H.
If JG 0,0 ⊇ N k ∩ G 0,0 then the elements a 1 , . . . , a r are J−independent (of order +∞) with respect to H and with respect to
Proof. Let x = F (a 1 , . . . , a r ) where F is an homogeneous polynomial of degree s in r indeterminates and with coefficients in G 0,0 . Suppose that JG 0,0
Furthermore, JG 0,0 + N k ∩ G 0,0 = JG 0,0 thus the elements a 1 , . . . , a r are J−independent (of order +∞) with respect to H and with respect to f 2 (A, I) . Proposition 2.3.3. Let R be a ring and A be a subring of R. Let k ∈ N * and J be an ideal of A, a 1 , . . . , a r be elements of R and I be the sub-A-module of R that they generate.
is decreasing and that a 1 , . . . , a r are J−independent of order k with respect to H.
If N k ∩G 0,0 ⊆ JG 0,0 +N pk ∩G 0,0 then the elements a p 1 , . . . , a p r are J−independent of order k with respect to the f 2 (A,
Proof. This is the consequence of the fact that under the hypotheses we have
Indeed, let F be an homogeneous polynomial of degree m in r indeterminates and with coefficients in G 0,0 .
F has all of its coefficients in
Criteria of J−independence :
Let R be a ring.
2.4.1. Let (I n ) and (J n ) be two families of subgroups of R such that
Thus I 0 is a subring of R and the group direct sum n∈Z I n J n is a graded ring.
Let (P n ) and (K n ) be two families of subgroups of R such that
Thus the group direct sum
−module with (a n + J n ) (y m + K m ) = (a n y m + K n+m ) ∀ a n ∈ I n and ∀y m ∈ P m .
They are graded F −modules where F = n I n X n and we have
2.4.2. We define the product for a subgroup I of R and an R−module N by
Let f = (I n ) n∈Z∪{+∞} be a quasi-graduation of R and A = I 0 . Let k ∈ N * and J be an ideal of A.
and let I = (P i ) i∈Z∪{+∞} be an f + -quasi-graduation of R with P 0 = G 0,0 and
where
Conditions 2.4.1 ( * ) and ( * * ) are satisfied. Suppose that G 0,0 = A and K 0 = A (i.e. JG 0,0 + N k ∩ G 0,0 = G 0,0 ). Let a 1 , . . . , a r be elements of R and I be the sub-A-module of R that they generate.
Put I n = I n for all m > 0 and I n = A for all m ≤ 0. Then f = (I n ) n∈Z∪{+∞} is a quasi-graduation of R and I 0 = A.
and
There is an isomorphism
The following diagram commutes:
Under these assumptions, we show the following Theorem as in [4] :
Under the notations and hypotheses of 2.4.1 and 2.4.2, the following assertions are equivalent :
(i) a 1 , . . . , a r are J−independent of order k with respect to H
(iv) The elements t 1 , . . . , t r are algebraically independent over elements u 1 , . . . , u r are algebraically independent over A J + N k ∩ A .
Properties of independence.
Let a 1 , . . . , a r be elements of N 1 and g I = (I n ) be a + quasi-graduation of R such that I n = A for each n ≤ 0 and I n = I n for n > 0 where I is the sub-A-module of R generated by the elements a 1 , . . . , a r i.e.,
In place of t i = a i + I ∩ (JN 1 + N k+1 ) , ϕ k and ψ k for the + quasi-graduation (N m ), we have respectively for the + quasi-graduation g I s i and the graded morphisms ϕ 1,k and ψ 1,k which are surjective where ϕ 1,k (X i ) = s i and ψ 1,k is the
.
They are morphisms of graded rings which are surjective. ψ k • ϕ 2,k = θ 2,k • ψ 1,k and the following diagrams commute: (i) The elements a 1 , . . . , a r are J−independent of order k with respect to H.
(ii)
The elements a 1 , . . . , a r are J − independent of order k (with respect to g I ) and
The family {s 1 , . . . , s r } is algebraically free over A J + N k ∩ A and
By Theorem 2.4.1 the elements a 1 , . . . , a r are J−independent of order k with respect to g I if and only if the family {s 1 , . . . , s r } is algebraically free
. It is equivalent to the fact that θ 1,k is an isomorphism.
We have: θ 1,k and θ 2,k are surjective and θ k = θ 2,k • θ 1,k . Therefore θ k is an isomorphism if and only if both θ 1, k and θ 2,k are isomorphisms.
If G i,j is an ideal of R for each (i, j), H is called a prebigraduation of R.
Applying this result to prebigraduation we have the following Corollary: m ) is a prebigraduation of A, a 1 , . . . , a r are elements of A and N k ⊆ J + I k where I is the ideal of A generated by the elements a 1 , . . . , a r . These three assertions are equivalent:
(i) The elements a 1 , . . . , a r are J−independent of order k with respect to H.
The elements a 1 , . . . , a r are J − independent of order k and
The family {s 1 , . . . , s r } is algebraically free over A J + N k and
+ quasi-bigraduation of R and a bifiltration of A. H is a f + −quasi-bigraduation of R and a + quasi-bigraduation of R.
Thus α i,j ∈ (JG 0,0 ) ∩A = J. Therefore, X and Y are J−independent with respect to H. From Proposition 2.3.3 we have: X 2 and Y 2 are J−independent with respect to H. 2) Put a 3 = XY and F (X 1 , X 2 ) = Y X 1 − X 2 = α 1 X 1 + α 2 X 2 where α 1 = Y and α 2 = −1 ∈ A Let F = Y X 1 − X 2 ∈ G 0,0 [X 1 , X 2 ] . F is a homogeneous polynomial of degree 1. 
